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In this paper the two-layer geostrophic model of the rotating fluid and the model of Bessel vortices are considered. Kirchhoff's model of vortices in a homogeneous fluid is the limiting case of both of these models. Part of the study is performed for an arbitrary Hamiltonian depending on the distances between point vortices.
The review of the stability problem of stationary rotation of regular Thomson' s vortex N -gon of identical vortices is given for N 2. The stability problem of the vortex tripole/quadrupole is also considered. This axisymmetric vortex structure consists of a central vortex of an arbitrary intensity and two/three identical peripheral vortices. In the model of a two-layer fluid, peripheral vortices belong to one of the layers and the central vortex can belong to either another layer or the same.
The stability of the stationary rotation is interpreted as orbital stability (the stability of a one-parameter orbit of a stationary rotation of a vortex system). The instability of the stationary rotation is instability of equilibrium of the reduced system. The quadratic part of the Hamiltonian and eigenvalues of the linearization matrix are studied.
The stability of the Thomson vortex N -gon for a system of particles with potential of interaction depending on the distances between them
We consider the motion of the system of N equal point vortices with intensity Γ = 0 described by the Hamiltonian depending on the distances between vortices defines Kirchhoff's model describing the motion of point vortices in a homogeneous fluid. In the case
we have a model of the geostrophic Bessel vortices [11, 14, 19, 20] , and if
the geostrophic vortices are located in the two-layer rotating fluid [4, 18] . Here K 0 (ξ) is a modified Bessel function of zero order, 1/γ > 0 is the internal Rossby deformation radius, and h 1 , h 2 are the thickness of the top and bottom layer, respectively, h 1 +h 2 = 1. The case γ = 1 can be reduced to the case γ = 1 by scaling. Note that function (1.2) is the limit for functions (1.3) and (1.4) as γ → 0 and h 1 → 0, respectively. We consider the stability problem of the stationary rotation of a system of N identical point vortices lying uniformly on a circle of radius R. In the two-layer model the vortices are located in a single layer of a two-layer fluid (for example, in the bottom layer).
The system with Hamiltonian (1.1) has the exact solution
corresponding to the stationary rotation of the configuration of N point vortices lying on a circle of radius R at the vertices of the regular N -gon. The angular velocity ω N is given by the expression
The stability of the stationary motion is interpreted as orbital stability. The stability problem of the stationary rotation of the system of N identical point vortices located uniformly on a circle (Thomson's vortex N -gon) in a homogeneous fluid (1.2) was posed by Kelvin (W. Thomson) [15] . J. J. Thomson [16] and T. H. Havelock [5] investigated this problem completely in the linear setting. A long history of research on this problem in the exact nonlinear setting for Kirchhoff's model is described in [1, 8] , where a review of experimental and theoretical works is given.
The change of variables
leads the Hamiltonian (1.1) to perturbation equations with the Hamiltonian
The equilibrium family C = {r 1 = . . . = r N = 0, θ 1 = . . . = θ N } corresponds to stationary rotation (1.5). The stability of this family is the orbital stability of stationary rotation. The instability of the stationary rotation of an N -gon (1.5) is the instability of an invariant twodimensional set C 2 of all orbits of a continuous family of stationary rotations (1.5) depending on R:
or Lyapunov instability of zero equilibrium of the reduced system. The quadratic part of the Taylor series expansion of the Hamiltonian E in powers of ρ in the neighborhood of the zero solution has the form
The linearization matrix is
The matrices F 1 , F 2 and G 0 are circulants
The analytical formulas of coefficients f jm and g 0m for an arbitrary Hamiltonian are given by formulas (3.15), (3.16) of [12] . The cyclic matrix C = {c jk } N j,k=1 has nontrivial coefficients, namely, only those above its principal diagonal c 1,2 = . . . = c N −1,N = 1 and in the left lower corner c N,1 = 1.
Analysis of eigenvalues of matrices S and L gives the following statements [12] .
A The Thomson N -gon (1.5) is orbitally stable in an exact nonlinear setting if all eigenvalues of matrix S have identical sign, except a simple zero.
C The Thomson N -gon (1.5) is instable if the linearization matrix L has at least one eigenvalue in the right half-plane.
B The stability problem requires nonlinear analysis if conditions A and C are not valid.
In the case of the Kirchhoff model the rotation of the vortex N -gon is stable only if N 7, whereas for N 8 the motion is unstable (C) [5, 8] . In the case N 6 a linear analysis is enough to conclude nonlinear stability (A). For N = 7, it is necessary to involve nonlinear terms for analysis of the stability [8].
Thomson's N -gon in the geostrophic model of the Bessel vortices
The motion of the system of N point geostrophic (Bessel) vortices is described by the Hamiltonian (1.1), (1.3). The parameter space is (N, R). Stewart [19, 20] performed a linear analysis of the stability of the regular vortex N -gon and came to the following conclusions: 1) Stability always occurs for N 6 (there are no exponentially growing modes); 2) The vortex heptagon (N = 7) is stable if R > 71, and unstable for R < 71; 3) Instability always occurs for N 8.
Morikawa and Swenson [14] specified that the vortex hexagon (N = 6) is linearly stable at R < R 06 and exponentially unstable if R > R 06 , R 06 ≈ 1.288. In [11] it is proved that the vortex N -gon (N = 2, 3, 4) is orbitally stable (A) in the exact nonlinear setting for R > 0 (see Fig. 1 
Thomson's N -gon in a two-layer fluid
The motion of N -point vortices in a two-layer fluid is described by the Hamiltonian (1.1), (1.4). The parameter space is (N, R, α) . The parameter α = h 2 − h 1 is the difference between the thicknesses of the lower and upper layers, −1 < α < 1.
The case A takes place for N = 2, 3, 4 for all R > 0 and −1 < α < 1 [10] . In the case of N = 5 we have two domains: A and B (see Fig. 2a ). At N = 6 cases A and C take place (see Fig. 2b ). The case B is the neutral curve α 6 defined for R 06 R < ∞. In the case of N = 7 there are all three domains A, B and C (see Fig. 3 ). The instability C takes place always for even N = 2m 8. In the case of odd N = 2 + 1 9 there are two domains B and C (see Fig. 4 ). The analytical formulas of neutral curves α N have been obtained in [10] . Fig. 4 . The schematic diagram of stability for an N -gon for odd N =2 +1 9. R * (N ) is given by (1.11).
The stability problem for a vortex tripole and a vortex quadrupole 2.1. The model of a homogenous fluid (Kirchhoff's equation)
The motion of the system of one vortex with arbitrary intensity Γ = 0 and N vortices of unit intensity is described by the Hamiltonian
The system has the first integrals: the Hamiltonian (2.1)
In complex variables z k = q k + ip k , the problem has the exact solution Z. Kizner [6, 7] used the following definition of stability: the vortex multipole is steady if, at a reasonably small initial perturbation of distances between its vortices, these distances remain weakly perturbed for all time. Such stability is stability of the invariant set M N . The invariant set M N is nonlinearly stable if the first integral of the system exists which has a local extremum on the set M N .
To study the stability of the invariant set M N , we introduce new variables X 1 , X 2 , Θ 2 for N = 2 or X 1 , X 2 , X 3 , Θ 2 , Θ 3 for N = 3 (see Fig. 5 ). If N = 2, the system integrals H and L in the new variables are rewritten as
The point (R, R, π) in the new variables corresponds to the invariant set M 2 . The invariant set M 2 is stable if the integral
has a strict local minimum at the point (R, R, π), H * = H(R, R, π), L * = L(R, R, π).
The invariant set M 2 is stable if Γ < − 5 4 (see [6, 7] ), and the invariant set M 3 is stable if Γ < −3 and 0 < Γ < 1 [10] .
The model of a two-layer rotating fluid
A set of N + 1 point vortices in a two-layer fluid is considered for N = 2, 3: one vortex of arbitrary intensity κ 0 = 0 with coordinates (q 0 , p 0 ) and N vortices with coordinates (q k , p k ), k = 1, . . . , N with equal intensity κ lying in one layer, for definiteness, in the lower layer (κh 2 = 1). Two cases are distinguished: (I) the vortex of intensity κ 0 is located in the upper layer with thickness h 1 , Γ = κ 0 h 1 ; (II) all N + 1 vortices are located in the lower layer with thickness h 2 , Γ = κ 0 h 2 . The motion of the vortex system is described by the Hamiltonian H [4, 18] :
W (ξ) i nc a s e (II).
(2.8)
A complete analysis of the stability problem of the stationary rotation (2.2) of a vortex tripole and a vortex quadrupole with constant angular velocity
is presented in [6, 7, 9, 10, 17] . Its results are presented in Figs. 6-9 . The formulas of curves Γ j , j = 1, . . . , 6 are obtained in [9, 10] . The invariant set M 2 is stable everywhere in the orbital stability domain A and in domain B, where nonlinear analysis is required [6, 7] .
The stability of the invariant set M 3 in the case of a two-layer fluid is studied in [10] . In the stability diagrams presented in Figs. 8, 9 , the domain of stability of the invariant set M 3 consists of a dark domain of orbital stability A and a grey domain, where the invariant set M 3 is stable and condition B is valid (see Section 1).
On equivalence of stability of invariant set and orbital stability in case of non zero total intensity
Note that the integral K = I 2 1 + I 2 2 on set M N has the value K = (Γ + N ) 2 |η| 2 .
(2.9)
The integral J = (H − H * ) 2 + (L − L * ) 2 + K, (2.10) where H * = H| M N , L * = L| M N , has a strict local minimum at η = 0 on the orbit (2.2), (2.3) if Γ + N = 0.
Remark. In all the above cases the stability of the invariant set M N implies orbital stability of the stationary rotation of the vortex multipole.
